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Abstract
Recent work has related the equivariant elliptic genera of sigma models with
K3 surface target to a vertex operator superalgebra that realizes moonshine
for Conway’s group. Motivated by this we consider conditions under which a
self-dual vertex operator superalgebra may be identified with the bulk Hilbert
space of a superconformal field theory. After presenting a classification result for
self-dual vertex operator superalgebras with central charge up to 12 we describe
several examples of close relationships with bulk superconformal field theories,
including those arising from sigma models for tori and K3 surfaces.
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1 Introduction
The elliptic genus of a complex K3 surface X is a weak Jacobi form of weight zero
and index one. It may be realized in the following three ways: via the chiral de
Rham complex of X [2, 59, 4, 5], as the S1-equivariant χy-genus of the loop space
of X [60, 61, 69], and as a trace on the Ramond-Ramond sector of a sigma model
on X [38, 21, 88]. The small N = 4 superconformal algebra at central charge c = 6
appears in each of these three pictures. Firstly, it is the algebra of global sections
of the chiral de Rham complex [76, 75]. Secondly, the χy-genus can be viewed as
a virtual module for a certain vertex operator superalgebra that contains this Lie
superalgebra [17, 78]. Finally, it appears as a supersymmetry algebra of the string
theory sigma model [41]. (We refer to [87] for a recent detailed review of these topics.)
The K3 elliptic genus and the N = 4 superconformal algebra were absorbed into
the orbit of moonshine when Eguchi–Ooguri–Tachikawa [37] suggested a relationship
between the largest Mathieu group, M24, and character contributions of the N = 4
superconformal algebra to the K3 elliptic genus. This ignited a resurgence of interest
in connections between string theory, modular forms and finite groups. Umbral
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moonshine [9, 10, 32], Thompson moonshine [58, 56] and the recently announced
O’Nan moonshine [35] all belong to the quickly developing legacy of this Mathieu
moonshine observation, although the connections to string theory are so far more
obscure in the latter two cases. We refer to [31] for a fuller review, more references,
and for comparison to the original monstrous moonshine [15, 83, 84] that appeared
in the 1970s.
By now there are indications that Mathieu and monstrous moonshine are inter-
related. An instance of this, and a primary motivation for the present work is [34],
wherein the K3 elliptic genus apparently makes a fourth appearance: as a trace func-
tion on the moonshine module [30, 33] for Conway’s group, Co0 [13, 14]. On the one
hand, this Conway moonshine module—a vertex operator superalgebra with N = 1
structure—is a direct supersymmetric analogue of the monstrous moonshine module
of Frenkel–Lepowsky–Meurman [44, 45, 46]. It manifests a genus zero property for
Co0 [33], just as the monstrous moonshine module does for the monster [3]. On the
other hand, M24 is a subgroup of Co0, and the Conway moonshine construction of
the K3 elliptic genus may be twined by (most) elements of M24. In many, but not
all instances the resulting trace functions coincide with those that arise in Mathieu
moonshine.
This tells us that the Conway moonshine module comes close to providing a
vertex algebraic realization of the as yet elusive Mathieu moonshine module, whose
structure as a representation of M24 was conjecturally determined in [6, 49, 50, 36],
and confirmed in [54]. The Conway moonshine module has been used to realize
analogues of the Mathieu moonshine module for other sporadic simple groups in
[7, 11]. See [79, 80, 81, 52, 82] for the development of a promising geometric approach
to the problem.
The Conway moonshine module is also connected to string theory on K3 surfaces.
As is explained in [34], the Conway moonshine construction of the K3 elliptic genus
may also be twined, in an explicitly computable way, by any automorphism of a K3
sigma model that preserves its supersymmetry. Such automorphisms are classified
in [51]. It appears that the construction of [34] is (except for a small number of
possible exceptions) in agreement [12] with the twined K3 elliptic genera that one
expects [12] to arise from string theory. One reason this is surprising is that K3
sigma models, and in particular their automorphisms, are difficult to construct in
general (cf. e.g. [71]). The Conway moonshine module seems to serve as a shortcut,
to certain computations which might otherwise require the explicit construction of
sigma models.
In view of these connections it is natural to ask how the Conway moonshine
realization of the K3 elliptic genus is related to the three we began with above.
Katz–Klemm–Vafa [67] conjectured a method for computing the Gromov–Witten in-
variants of a K3 surface in terms of the χy-genera of its symmetric powers, and the
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generating function of these χy-genera can be realized in terms of a lift of the K3
elliptic genus. So the second mentioned realization of the K3 elliptic genus, as a gener-
alization of Hirzebruch’s χy-genus, suggests a connection between Conway moonshine
and enumerative geometry. This perspective is developed in [8], where equivariant
counterparts to the conjecture of Katz–Klemm–Vafa are formulated, which explicitly
describe equivariant versions of Gromov–Witten invariants of K3 surfaces. The con-
jecture of Katz–Klemm–Vafa was proved recently by Pandharipande–Thomas [72].
Katz–Klemm–Pandharipande [66] have extended the the conjecture of Katz–Klemm–
Vafa to refined Gopakumar–Vafa invariants. Conjectural descriptions of equivariant
refined Gopakumar–Vafa invariants of K3 surfaces are also formulated in [8].
In this work we develop the relationship between Conway moonshine and the third
mentioned realization, in terms of K3 sigma models. We do this by formalizing a new
relationship between vertex algebra and conformal field theory, and by realizing the
Conway moonshine module, and other vertex operator superalgebras, in examples.
Traditionally, vertex operator algebras satisfying suitable conditions are consid-
ered to define “chiral halves” of conformal field theories. More specifically, the bulk
Hilbert space of a conformal field theory may be regarded as (a completion of) a suit-
able sum of modules for a tensor product of vertex operator algebras (cf. [63, 48, 87]).
The alternative viewpoint we pursue here develops from the observation that a bulk
Hilbert space of a conformal field theory, taken as a whole, resembles a self-dual
vertex operator algebra. We explain this observation more fully in §4.1. It motivates
our
Main Question: Can a self-dual vertex operator algebra be identified
with a bulk conformal field theory in some sense?
We answer this question positively by formulating the notion of potential (bulk) con-
formal field theory (cf. Definition 4.1) and by identifying self-dual vertex operator
algebras as examples (cf. Propositions 5.1 and 5.3). In fact, we formulate supersym-
metric counterparts to potential conformal field theories as well (cf. Definitions 4.3
and 4.6), and find more examples amongst self-dual vertex operator superalgebras
(cf. Theorems 5.6, 5.8 and 5.9). To support the analysis we also present a classifi-
cation result (Theorem 3.1) for self-dual vertex operator superalgebras with central
charge up to 12.
Equipped with the notion of potential bulk superconformal field theory we relate
the Conway moonshine module to four superconformal field theories in §5. One of
these is the superconformal field theory underlying the tetrahedral K3 sigma model
(cf. §5.3), which was analyzed in detail by Gaberdiel–Taormina–Volpato–Wendland
[53] (see also [82]). Another is the Gepner model (1)6 (cf. §5.4), and it is clear that
there are further interesting examples waiting to be considered, that may shed more
light on the role of Conway moonshine in K3 string theory.
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An implication of our analysis is that there should be self-dual vertex operator
superalgebras besides the Conway moonshine module that have analogous relation-
ships to other string theory compacitifcations. In §5.2 we identify a self-dual vertex
operator superalgebra—the N = 1 vertex operator superalgebra naturally attached
to the E8 lattice—which realizes the bulk superconformal field theory underlying a
sigma model with a 4-torus as target (cf. Theorem 5.6). Volpato [86] has shown that
the supersymmetry preserving automorphism groups of 4-torus sigma models are
subgroups of the Weyl group of the E8 lattice. In light of these results it seems likely
that the E8 vertex operator superalgebra that appears in §5.3 can serve as a counter-
part to the Conway moonshine module for nonlinear sigma models on 4-dimensional
tori.
It is interesting to compare the approach presented here to recent work [82] of
Taormina–Wendland. In loc. cit. the relationship between superconformal field the-
ory and vertex operator superalgebra is also reconsidered, but the starting point is a
fully fledged superconformal field theory. A notion of reflection is introduced which,
in special circumstances, produces a vertex operator superalgebra. The superconfor-
mal field theory underlying the tetrahedral K3 sigma model is considered in detail,
and it is shown that the Conway moonshine module arises when reflection is applied
in this case. In this way Taormina–Wendland independently obtain results equiva-
lent to those we present in §5.3. Our notion of potential superconformal field theory
serves to answer the question of what reflection produces from a superconformal field
theory in general, except that a reflected superconformal field theory comes equipped
with extra structure, on account of the richness of the superconformal field theory
axioms. For example, the reflected tetrahedral K3 theory recovers the vertex opera-
tor superalgebra structure on the Conway moonshine module, but also furnishes an
intertwining operator algebra structure on the direct sum of itself with its unique ir-
reducible canonically twisted module (cf. §4 of [82]). Moving forward, we can expect
that Taormina–Wendland reflection will play a key role in further elucidating the
relationships between superconformal field theories, potential superconformal field
theories and vertex operator superalgebras.
We now describe the structure of the article. We present background material
in §2. We explain our conventions on vertex operator superalgebras in §2.1, and
we review some modularity results for vertex operator superalgebras in §2.2. We
recall the small N = 4 superconformal algebra in §2.3, and describe an explicit
construction at c = 6 in §2.4. In §3 we establish our classification result for self-
dual vertex operator superalgebras with central charge at most 12. Then in §4 we
discuss the new relationship between vertex algebra and conformal field theory that
motivates this work, and explain our approach to answering the Main Question.
We begin with conformal field theory in §4.1, discuss superconformal field theory
in §4.2, and consider superconformal field theories with superconformal structure in
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§4.3. We present examples of bulk superconformal field theory interpretations of
self-dual vertex operator superalgebras in §5. We begin with the diagonal conformal
field theories associated to type D lattice vertex operator algebras in §5.1, and then
discuss super analogues of these in §5.2. We discuss the superconformal field theory
underlying the tetrahedral K3 sigma model in §5.3, and discuss the relationship
between the Conway moonshine module and the Gepner model (1)6 in §5.4.
2 Background
2.1 Vertex Superalgebra
We assume some familiarity with the basics of vertex (operator) superalgebra theory.
Good references for this include [42, 46, 64, 70].
We adopt the convention, common in physical settings, of writing (−1)F for the
canonical involution on a superspaceW =W even⊕W odd, so that (−1)F |W even = I and
(−1)F |W odd = −I. We write Y (a, z) =
∑
a(k)z
−k−1 for the vertex operator attached
to an element a in a vertex superalgebra W . A vertex superalgebra W is called
C2-cofinite if W/C2(W ) is finite-dimensional, where C2(W ) := {a(−2)b | a, b ∈ W}.
Following [24] we say that a vertex operator superalgebra W is of CFT type if the
L0-grading W =
⊕
n∈ 1
2
Z
Wn is bounded below by 0, and if W0 is spanned by the
vacuum vector. We assume that W even =
⊕
n∈ZWn and W
odd =
⊕
n∈Z+ 1
2
Wn. A
vertex operator superalgebra that is C2-cofinite and of CFT type is nice (scho¨n) in
the sense of [62].
Say that a vertex operator algebra is rational if all of its admissible modules
are completely reducible. We refer to [22] for the definition of admissible module.
It is proven in loc. cit. that a rational vertex operator algebra has finitely many
irreducible admissible modules up to equivalence. We say that a vertex operator
superalgebra is rational if its even sub vertex operator algebra is rational. We will
apply results from [28] in what follows, so we should note that our notion of rationality
for a vertex operator superalgebra is stronger than that which appears there. A vertex
operator superalgebra that is rational in our sense is both rational and (−1)F -rational
in the sense of loc. cit. The equivalence of the two notions of rationality is proven
in [57] under an assumption on fusion products of canonically twisted modules.
We say that a vertex operator superalgebraW is self-dual if W is rational (in our
sense), irreducible as a W -module, and if W is the only irreducible admissible W -
module up to isomorphism. Note that the term self-dual is sometimes used differently
elsewhere in the literature, to refer to the situation in which W is isomorphic to its
contragredient as a W -module.
According to Theorem 8.7 of [28] a self-dual C2-cofinite vertex operator super-
algebra W has a unique (up to isomorphism) irreducible (−1)F -stable canonically
twisted module. We denote it Wtw. The (−1)F -stable condition on a canonically
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twisted module M for W is equivalent to the requirement of a superspace structure
M =M even ⊕Modd that is compatible with the superspace structure on W , so that
elements ofW even andW odd induce even and odd transformations ofM , respectively.
Modules that are not (−1)F -stable will not arise in this work so we henceforth as-
sume the existence of a compatible superspace structure to be a part of the definition
of untwisted or canonically twisted module for a vertex operator superalgebra. How-
ever, we will not require morphisms of modules to preserve a particular superspace
structure. So for example, if W is a vertex operator superalgebra and Π is the parity
change functor on superspaces then W and ΠW are not isomorphic as superspaces,
but we do regard them as isomorphic W -modules.
Write VL for the vertex superalgebra attached to an integral lattice L, which is
naturally a vertex operator superalgebra if L is positive definite. Write F (n) for
the vertex operator superalgebra of n free fermions. According to the boson-fermion
correspondence [43, 25] the vertex operator superalgebra attached to Zn is isomorphic
to F (2n). So the even sub vertex operator algebra F (2n)even < F (2n) is isomorphic
to the lattice vertex operator algebra attached to the type D lattice
Dn := {(x1, . . . , xn) ∈ Zn | x1 + · · ·+ xn = 0 mod 2} . (2.1)
The discriminant group of Dn is D
∗
n/Dn ≃ Z/2Z × Z/2Z, and we label coset repre-
sentatives as follows.
[0] := (0, . . . , 0, 0), [1] :=
1
2
(1, . . . , 1, 1),
[2] := (0, . . . , 0, 1), [3] :=
1
2
(1, . . . , 1,−1).
(2.2)
Set D+n := Dn ∪Dn + [1]. Then D+n is a self-dual integral lattice—the rank n spin
lattice—whenever n = 0 mod 4. It is even if n = 0 mod 8. We have D+4
∼= Z4 and
D+8
∼= E8, andD+12 is the unique self-dual integral lattice of rank 12 such that λ·λ ≤ 1
implies λ = 0. The lattice vertex operator superalgebras attached to Dn and D
+
4n
will play a prominent role later on.
Set A1 =
√
2Z. We will make use of the fact that D2n admits A
2n
1 as a sub
lattice. Explicitly, denoting e1 := (1, 0, . . . 0), e2 := (0, 1, . . . , 0), &c., we may take
the first copy of A1 to be generated by e1 + en+1, the second copy to be generated
by e1 − en+1, the third copy to be generated by e2 + en+2, &c. In the case that
n = 2 this embedding is actually an isomorphism, D2 ∼= A1 ⊕ A1. More generally,
D2n/A
2n
1 embeds in the discriminant group of A
2n
1 , which is naturally isomorphic to
(Z/2Z)2n ∼= F2n2 . As such, it is natural to use binary codewords of length 2n to label
cosets of A2n1 in its dual. Given such a codeword C ∈ F2n2 , define wt(C)—the weight
of C—to be the number of non-zero entries of C. Define a binary code D2n < F2n2
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by setting
D2n := {C = (c1, . . . , c2n) | ci = cn+i for 1 ≤ i ≤ n,wt(C) = 0 mod 4} . (2.3)
We will abuse notation somewhat by also using [i] to denote the following length 2n
codewords,
[0] := (02n), [1] := (1n0n), [2] := (0n−110n−11), [3] := (1n−10n1). (2.4)
The next result may be checked directly, and smooths out any conflict between
(2.2) and (2.4).
Lemma 2.1. With the above conventions, the image of (D2n + [i])/A
2n
1 in F
2n
2 is
D2n + [i] for i ∈ {0, 1, 2, 3}.
The above discussion shows, in particular, that A121
∼=
√
2Z12 embeds in D+12. In
§5.4 we will make use of the fact that √3Z12 also embeds in D+12. To see this recall
that the (extended) ternary Golay code is a linear sub space G < F123 of dimension 6
such that if
C ·D :=
∑
i
cidi (2.5)
for C = (c1, . . . , c12) and D = (d1, . . . , d12) then C · D = 0 when C,D ∈ G, and
no non-zero codeword C ∈ G has less than six non-zero entries. These properties
determine G uniquely, up to permutations of coordinates, and multiplications of
coordinates by ±1 (cf. e.g. [16]).
We will denote the elements of F3 by {0,+,−} when convenient. To obtain an
embedding of
√
3Z12 inD+12 fix a copy G of the ternary Golay code in F123 . Multiplying
some components by −1 if necessary we may assume that (+12) ∈ G. Then there are
exactly 11 code words Ci = (ci1, . . . , c
i
12) ∈ G such that the first entry of Ci is +1,
five further entries are +1, and the remaining six entries are −1. Set C12 = (+12)
and define λi := (λi1, . . . , λ
i
12) for 1 ≤ i ≤ 12 by setting λij = ±12 when cij = ±1.
Then the λi all belong to D+12, and satisfy λ
i · λj = 3δij . So the λi constructed in
this way generate a sub lattice of D+12 isomorphic to
√
3Z12.
The discriminant group of
√
3Z12 is F123 , so it is natural to consider the image
of D+12/
√
3Z12 in F123 . Denote it G+12. Since D+12 is a self-dual lattice, G+12 is a linear
subspace such that C ·D = 0 for C,D ∈ G+12. From the fact that λ ∈ D+12 can only
satisfy λ · λ ≤ 1 if λ = 0 we obtain that G+12 has no non-zero words with fewer than
six non-zero entries. Applying the uniqueness of the ternary Golay code we obtain
the following result.
Lemma 2.2. The image of D+12/
√
3Z12 in F123 is a copy of the ternary Golay code.
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2.2 Modularity
We now review some results on modularity for vertex operator superalgebras.
Zhu proved [89] that certain trace functions on irreducible modules for suitable
vertex operator algebras span representations of the modular group SL2(Z). More
general modularity results that incorporate twisted modules have been obtained by
Dong–Li–Mason [23], Dong–Zhao [28, 29], and Van Ekeren [85]. We will use the
extension of [89, 23] to vertex operator superalgebras established in [28].
To describe the relevant results let W =
⊕
n∈ 1
2
Z
Wn be a rational C2-cofinite
vertex operator superalgebra of CFT type. Let I0 be an index set for the isomorphism
classes of irreducible W -modules, let I1 be an index set for the isomorphism classes
of irreducible canonically twisted W -modules, and set I := I0 ∪ I1. Write Mi for a
representative (untwisted or canonically twisted) W -module corresponding to i ∈ I,
and choose a compatible superspace structure Mi = M
even
i ⊕Moddi for each i ∈ I.
For M an untwisted or canonically twisted W -module define vertex operators on the
torus Y [a, z] : M → M((z)) for a ∈ W by requiring that Y [a, z] = Y (a, ez − 1)enz
when a ∈ Wn, and define a[n] ∈ End(M) by requiring Y [a, z] =
∑
k a[n]z
−n−1. Also,
write W =
⊕
n∈ 1
2
Z
W[n] for the eigenspace decomposition of W with respect to the
action of ω˜[1], where ω˜ := ω− c24v, and ω and v are the Virasoro and vacuum elements
of W , respectively.
Theorem 2.3 ([28]). Suppose that W is a rational C2-cofinite vertex operator su-
peralgebra with central charge c. Then with I and {Mi}i∈I as above there are maps
ρij : SL2(Z)→ C for i, j ∈ I such that if v ∈W[n] for some n ∈ 12Z then
trMi
(
o(v)(−1)ℓF qL0− c24
)∣∣∣
n
(
a b
c d
)
=
∑
j∈I
k˜
ρij
(
a b
c d
)
trMj
(
o(v)(−1)ℓ˜F qL0− c24
)
(2.6)
for ℓ ∈ Z/2Z and ( a bc d ) ∈ SL2(Z), where k˜ = 1 + a(k + 1) + c(ℓ + 1) mod 2 and
ℓ˜ = 1 + b(k + 1) + d(ℓ+ 1) mod 2 when i ∈ Ik.
In (2.6) we utilize the usual slash notation from modular forms, setting(
f |n
(
a b
c d
))
(τ) := f
(
aτ+b
cτ+d
)
1
(cτ+d)n (2.7)
for a holomorphic function f : H → C and ( a bc d ) ∈ SL2(Z). If W is a rational C2-
cofinite vertex operator algebra then we can apply Theorem 2.3 toW by regarding it
as a vertex operator superalgebra with trivial odd part. Then I0 = I1 and we recover
a specialization of Zhu’s results [89] for W by taking k = ℓ = 1 in (2.6).
Resume the assumption that W is a rational C2-cofinite vertex operator super-
algebra of CFT type. Define the characters of an untwisted or canonically twisted
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W -module M by setting
ch±[M ](τ) := trM
(
(±1)F qL0− c24
)
. (2.8)
Then taking v to be the vacuum in Theorem 2.3 we obtain
chǫ[Mi]
(
aτ + b
cτ + d
)
=
∑
j∈I
k˜
ρij(γ) ch
ǫ˜[Mj ](τ), (2.9)
for
(
a b
c d
) ∈ SL2(Z), where ǫ = (−1)ℓ and ǫ˜ = (−1)ℓ˜.
In this work we will be especially interested in the situation in which a superspace
M is a module for a tensor product V ′⊗V ′′ of vertex operator superalgebras, and is
thus equipped with two commuting actions of the Virasoro algebra. We write L′n and
L′′n for the Virasoro operators corresponding to V
′ and V ′′, respectively, and write
c′ and c′′ for the corresponding central charges. Then it is natural to consider the
refined characters
ĉh
±
[M ](τ ′, τ ′′) := trM
(
(±1)F q′L′0− c
′
24 q′′L
′′
0
− c′′
24
)
(2.10)
where q′ := e2πiτ
′
and q′′ := e2πiτ
′′
. Krauel–Miyamoto [68] have shown how Zhu’s
theory [89] extends so as to yield a modularity result for such refined characters in
the vertex operator algebra case. By replacing Zhu’s results with the appropriate
vertex operator superalgebra counterparts from [28] in the proof of Theorem 1 in
[68] we readily obtain a direct analogue for vertex operator superalgebras. Here we
require the following special case of this.
Theorem 2.4 ([28, 68]). Let W be a rational C2-cofinite vertex operator algebra
and suppose that ω = ω′ + ω′′ where ω is the conformal vector of W , and ω′ and ω′′
generate commuting representations of the Virasoro algebra. Then with I, {Mi}i∈I
and ρij(γ) as in (2.6) we have
ĉh
ǫ
[Mi]
(
aτ ′ + b
cτ ′ + d
,
aτ ′′ + b
cτ ′′ + d
)
=
∑
j∈I
k˜
ρij(γ)ĉh
ǫ˜
[Mj ](τ
′, τ ′′) (2.11)
for
(
a b
c d
) ∈ SL2(Z). Here k˜ and ℓ˜ are as in (2.6), for ǫ = (−1)ℓ and ǫ˜ = (−1)ℓ˜.
2.3 Superconformal Algebras
In this section we recall some properties of the small N = 4 superconformal algebra
from [1, 39, 40, 41]. It is strongly generated by a Virasoro field T of dimension 2,
four odd fields Ga (a = 0, 1, 2, 3) of dimension 32 , and three even fields J
i (i = 1, 2, 3)
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of dimension 1. Define
αia,b :=
1
2
(δa,iδb,0 − δb,iδa,0) + 1
2
ǫiab (2.12)
where ǫijk is totally antisymmetric for i, j, k ∈ {1, 2, 3}, normalized so that ǫ123 = 1,
and defined to be zero if one of the indices is zero. Also let k be a positive integer
and set c = 6k. The operator product algebra in a representation with central charge
c is then
T (z)T (w) ∼
1
2c
(z − w)4 +
2T (w)
(z − w)2 +
∂wT (w)
(z −w) ,
T (z)Ga(w) ∼
3
2G
a(w)
(z − w)2 +
∂wG
a(w)
(z − w) ,
T (z)J i(w) ∼ J
i(w)
(z − w)2 +
∂wJ
i(w)
(z − w) ,
Ga(z)Gb(w) ∼
2
3cδa,b
(z − w)3 −
3∑
i=1
8αia,bJ
i(w)
(z − w)2 +
2δa,bT (w) −
3∑
i=1
4αia,b∂wJ
i(w)
(z − w) ,
J i(z)Ga(w) ∼
3∑
b=0
4αia,bG
b(w)
(z − w) ,
J i(z)J j(w) ∼ −
1
2kδi,j
(z − w)2 +
3∑
k=1
ǫijkJ
k(w)
(z − w) .
(2.13)
Equivalently, we have the following commutation relations of modes, where m,n ∈ Z
and r, s ∈ Z+ 12 .
[Lm, Ln] = (m− n)Lm+n = c
12
(
M3 −m) δm+n,0,
[Lm, G
a
r ] =
(m
2
− r
)
Gam+r,
[Lm, J
i
n] = −nJ im+n,
{Gar , Gbs} = 2δa,bLr+s −
3∑
i=1
4(r − s)αia,bJ ir+s +
c
3
(
r2 − 1
4
)
δa,bδr+s,0,
[J im, G
a
r ] =
3∑
b=0
αia,bG
b
m+r,
[J im, J
j
n] =
3∑
k=1
ǫijkJ
k
m+n −m
k
2
δi,jδm+n,0.
(2.14)
Note that the currents J i(z) represent the affine Lie algebra of sl2 at level k, and k
is a positive integer in any unitary representation. Often one uses another basis for
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these; namely
J(z) := −2iJ1(z), J+(z) := J2(z)− iJ3(z), J−(z) := −J2(z)− iJ3(z). (2.15)
Also for the odd currents there is another useful basis:
G−,1(z) := G0(z)− iG1(z), G+,1(z) := −G2(z) + iG3(z), (2.16)
G−,2(z) := G2(z) + iG3(z), G+,2(z) := −G0(z) + iG1(z), (2.17)
which yields
[J±m, G
∓,x
r ] = G
±,x
m+r, [Jm, G
±,x
r ] = ±G±,xm+r (2.18)
for x ∈ {1, 2}.
The mode algebra of the affine Lie algebra of sl2 at level k has a family of
automorphisms, called spectral flow. They are induced from affine Weyl translations
so they are parameterized by the translation lattice which is isomorphic to Z. For
ℓ ∈ Z the corresponding action is denoted σℓ, and satisfies
σℓ
(
J±n
)
= J±n∓ℓ,
σℓ (Jn) = Jn − δn,0ℓk,
σℓ (Ln) = Ln + δn,0
(
ℓ
2
J0 +
ℓ2k
4
)
.
(2.19)
We may consider twisted modules as in (2.10) of [20]. That is, given a module
M for the affine Lie algebra of sl2 at level k let σ
∗
ℓ be the unique invertible linear
transformation of M such that the action of the mode algebra satisfies
Xσ∗ℓ (v) = σ
∗
ℓ
(
σ−ℓ(X)v
)
. (2.20)
This σℓ-twisting of M is isomorphic to M as a module for the mode algebra, but
since the grading is changed they are in general not isomorphic as modules for the
vertex operator algebra Lk(sl2) attached to sl2 at level k. Identification of the twisted
modules can often be achieved via characters.
So we define a character of M by setting
ch[M ](y, u, τ) := trM
(
ykzJ0qL0−
c
24
)
(2.21)
where z = e2πiu and q = e2πiτ . Then from the action of σℓ we see that
ch[σ∗ℓ (M)](y, z, q) = ch[M ](yz
ℓq
1
4
ℓ2 , zq
1
2
ℓ, q). (2.22)
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If k is a positive integer and M is an irreducible integrable highest-weight module
of level k, then the character of M is a component of a vector-valued Jacobi form
and the twisted module can be seen to be isomorphic to the original one if ℓ is even.
If ℓ is odd it maps the irreducible integrable highest-weight module with highest
weight j (corresponding to the j + 1 dimensional representation of sl2) to the one
with highest weight k − j. Thus it corresponds to fusion with the order two simple
current module.
We now consider a vertex operator superalgebra V of central charge c = 6k that
contains a commuting pair of sub vertex operator algebras Lk(sl2) and U , where the
Virasoro elements of V and Lk(sl2)⊗ U coincide. We require U to be rational, and
suppose that V is of the form
V =
⊕
i
Lk(λi)⊗ Ui (2.23)
where Lk(λi) is the irreducible Lk(sl2)-module with highest weight λi, and Ui is
an irreducible U -module. Further we require that V contain strong generators for
the small N = 4 superconformal algebra at c = 6k. In this situation the parity of
elements in V is given by (−1)J0 where J0 is as in (2.15), (2.18). The spectral flow
automorphism σ := σ1 extends naturally to V in such a way that
σ∗(V ) =
⊕
i
(
Lk(λi)⊠Lk(sl2) Lk(λ∗)
)⊗ Ui (2.24)
as a Lk(sl2) ⊗ U -module, where Lk(λ∗) denotes the order two simple current of
Lk(sl2), and ⊠V is the fusion product for modules over V .
Under spectral flow we have σ−1(L0) = L0+ 12J0+
c
24 , so the conformal weight of
the modes G±,xr becomes r± 12 as endomorphisms on twisted modules. Especially, the
G±,x∓ 1
2
act with conformal dimension zero, and thus induce grading-preserving maps
from the even part to the odd part of the twisted module. We compute(
G+,1− 1
2
+G−,21
2
)2
=
1
2
{
G+,1− 1
2
+G−,21
2
, G+,1− 1
2
+G−,21
2
}
= −2L0 + J0
= 2σ−1
(
L0 − c
24
)
.
(2.25)
This shows that G+,1− 1
2
+ G−,21
2
is an invertible map from the even conformal grade n
subspace of σ∗(M) to the odd one as long as n− c24 does not vanish. We summarize
this as follows.
Lemma 2.5. If M is a V -module and σ∗(M) =
⊕
n σ
∗(M)n is the grading of the
corresponding twisted module then sdimσ∗(M)n = 0 unless n− c24 = 0.
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2.4 Free Fields
We now describe a free field realization of the small N = 4 superconformal algebra
at c = 6. Consider the tensor product of the vertex operator superalgebra of four
free fermions with the rank four Heisenberg vertex operator algebra. An action of
the compact Lie group SU(2) is given by organizing both the fermions and bosons
in the standard and conjugate representations of SU(2). By Lemma 3.4 of [17] the
sub vertex operator superalgebra of fixed points for this SU(2) action contains the
small N = 4 superconformal algebra at c = 6. So by using bosonization we obtain
a free field realization of the small N = 4 superconformal algebra at c = 6 in terms
of twelve free fermions. The precise expression for the latter can be found in §2 of
[53]. In terms of lattice vertex operator superalgebras this free field realization may
be described as follows.
The vertex operator superalgebra of four free fermions may be identified with the
lattice vertex operator superalgebra associated to Z2. We have Z2 = D2 ∪ (D2 + [2])
in the notation of §2.1, and the exceptional isomorphism D2 ∼= A1 ⊕ A1. So VD2 ∼=
VA1 ⊗ VA1 . Four free fermions are thus the simple current extension of VA1 ⊗ VA1 by
the unique simple current with dimension 12 . The free field realization in terms of
twelve free fermions can be inspected to be a sub vertex operator superalgebra of
V ⊗3D2 ⊕ V ⊗3D2+[2], (2.26)
and we have just seen that this vertex operator superalgebra is isomorphic to
V ⊗6A1 ⊕ V ⊗6A1+(1) (2.27)
where A1+(1) denotes the unique non-trivial coset of A1 in its dual. For completeness
we describe a precise realization. Consider odd fields b1, . . . , b6 and c1, . . . , c6 with
operator products
bi(z)cj(w) ∼ δi,j
(z − w) , bi(z)bj(w) ∼ ci(z)cj(w) ∼ 0, (2.28)
generating a copy F (12) ∼= VZ6 of the vertex operator superalgebra of 12 free fermions.
From the above we have (VD2 ⊕ VD2+[2])⊗3 ∼= VZ6 . Then b1, b2, c1, c2 span the first
copy of VD2 ⊕ VD2+[2], the b3, b4, c3, c4 span the second copy, and b5, b6, c5, c6 span
the last one. The three fields
h = :b1c1 : + :b2c2 : , e = :b1b2 : , f = :c1c2 : , (2.29)
are all in the even sub vertex operator algebra VD2 of the first copy of VD2 ⊕VD2+[2].
These three fields strongly generate a vertex operator algebra isomorphic to L1(sl2).
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The four fields
G+,1 = :b1b3b5 : , G
−,1 = :c2b3b5 : , G−,2 = :c1c3c5 : , G+,2 = :b2c3c5 : , (2.30)
are all fields in V ⊗3
D2+[2]
. These seven fields together with the Virasoro field strongly
generate a vertex operator superalgebra isomorphic to the small N = 4 superconfor-
mal algebra at c = 6.
3 Self-Dual Vertex Operator Superalgebras
In this section we prove our first main result, which is a classification of self-dual
C2-cofinite vertex operator superalgebras of CFT type with central charge less than
or equal to 12.
Theorem 3.1. If W is a self-dual C2-cofinite vertex operator superalgebra of CFT
type with central charge c ≤ 12 then either W ∼= F (n) for some 0 ≤ n ≤ 24, or
W ∼= VE8 ⊗ F (n) for 0 ≤ n ≤ 8, or W ∼= VD+
12
.
Proof. We first prove the claimed result for the special case that c = 12. For this
we require to show that a self-dual C2-cofinite vertex operator superalgebra of CFT
type with c = 12 is isomorphic to one of VD+
12
, VE8 ⊗ F (8) or F (24).
So let W be a self-dual C2-cofinite vertex operator superalgebra of CFT type
with central charge 12. We will constrain the possibilities for W by extending the
methods used in §5.1 of [30]. There, VD+
12
is characterized as the unique such vertex
operator superalgebra with an N = 1 superconformal structure and vanishing weight
1
2 subspace. We will also employ the arguments of §4.2 of [33], in which the hypothesis
of superconformal structure is removed.
We begin by applying Theorem 2.3 to W . In this situation I0 and I1 are single-
tons. Let us set Ik = {k}, so that M0 = W and M1 = Wtw. Then taking v to be
the vacuum in (2.6) we obtain that Z+NS-NS(τ) := trW q
L0− 12 is a weakly holomorphic
modular form with character ρ00 of weight 0 for Γθ := 〈S, T 2〉, where S =
(
0 −1
1 0
)
and T = ( 1 10 1 ). Further, ρ00 is, a priori, trivial on T
2, and ±1 on S. This fact is the
basis of the proof of Proposition 5.7 in [30], which shows that if d := dimW 1
2
then
Z+NS-NS(τ) =
η(τ)24
η(2τ)24
+ 24 + d
= q−
1
2 + d+ 276q
1
2 +O(q)
(3.1)
so that in particular, ρ00 is trivial on Γθ. Also, similar to Proposition 5.9 of [30],
we find from taking γ = TS in (2.6) that (Wtw)n vanishes unless n ≥ 12 . For
another application let u, u′ ∈W1. Then taking v = u[−1]u′ in (2.6), setting X(τ) :=
trW o(u[−1]u′)qL0−
1
2 and using the triviality of ρ00 on Γθ we find that X(τ) is a
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weakly holomorphic modular form of weight 2 for Γθ satisfying X(τ) = Cq
− 1
2 +O(1)
as τ → i∞ for some C ∈ C. Note that Γθ has two cusps, represented by i∞ and
1. From (2.6) and the fact that Wtw has L0-grading bounded below by
1
2 we see
that X(τ) = O(1) as τ → 1. Since the space of modular forms of weight 2 for Γθ
is one-dimensional, spanned by θD4(
τ+1
2 ) = 1 − 24q
1
2 + O(q) (cf. Theorem 7.1.6 in
[73]), it follows that
X(τ) = −2Cq d
dq
Z+NS-NS(τ) +DθD4(
τ+1
2 )
= Cq−
1
2 +D + (−276C − 24D)q 12 +O(q)
(3.2)
for some C,D ∈ C (with C as above), which we can expect will depend on u and u′.
We now endeavour to connect C and D in (3.2) to the Lie algebra structure
on W1. For this note that the first paragraph of the proof of Theorem 4.5 in [33]
applies toW , showing thatW admits a unique (up to scale) non-degenerate invariant
bilinear form, which we henceforth denote 〈· , ·〉. We also have that W1 is contained
in the kernel of L1, so by Theorem 1.1 of [26] the Lie algebra structure on W1 is
reductive. Applying the argument of the proof of Theorem 5.12 in [30] to W—this
uses the identity (3.1)—we see that the Lie rank of W1 is bounded above by 12. We
can identify a simple component of W1 just by considering d = dimW 1
2
. To do this
note that the invariant bilinear form 〈· , ·〉 on W is non-degenerate when restricted to
W 1
2
. If we let U denote the sub vertex operator superalgebra of W generated by W 1
2
then, arguing as in [55] (cf. also §3 of [77]), we see that U is isomorphic to the Clifford
algebra vertex operator superalgebra defined by the orthogonal space structure on
W 1
2
, and if V is the commutant of U in W then W is naturally isomorphic to U ⊗V .
So W1 contains U1, which is the Lie algebra naturally associated to the orthogonal
structure on W 1
2
. Since W1 has Lie rank bounded above by 12 we must have d ≤ 24.
Indeed, the case that d = 24 is realized by W = U = F (24).
Table 1: Dual Coxeter numbers of simple complex Lie algebras
g h∨
An n+ 1
Bn 2n− 1
Cn n+ 1
Dn 2n− 2
E6 12
E7 18
E8 30
F4 9
G2 4
So suppose henceforth that d < 24. Then dimU1 < dimW1 = 276, and V1 6= {0}.
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To further constrain W1 we consider (3.2) with u, u
′ ∈ V1. Note that since V 1
2
= {0}
by construction we have trW o(u)o(u
′)qL0−
1
2 = κ(u, u′)q
1
2 + O(q) where κ is the
Killing form on W1. We have u[1]u
′ = 〈u, u′〉v according to Lemma 5.1 of [30], so by
an application of Sublemma 6.9 of [28] we find that
X(τ) = trW o(u)o(u
′)qL0−
1
2 − 1
12
〈u, u′〉E2(τ)Z+NS-NS(τ)
= − 1
12
〈u, u′〉q− 12 − 1
12
〈u, u′〉d+ (κ(u, u′)− 21〈u, u′〉)q 12 +O(q)
(3.3)
where E2(τ) = 1− 24
∑
n>0
nqn
1−qn is the quasi-modular Eisenstein series of weight 2,
and Z+NS-NS(τ) is as in (3.1). Comparing (3.2) with (3.3) we find that C = − 112〈u, u′〉,
D = − 112〈u, u′〉d, and
κ(u, u′) = (44 + 2d)〈u, u′〉. (3.4)
In particular, the Killing form is non-degenerate on V1, so the Lie algebra structure
on V1 is semisimple. So let g be a simple component of V1. From the main theorem
of [27] we know that the vertex operators attached to V1 represent the affine Lie
algebra associated to g with integral level; call it k. Then for α a long root of g we
have κ(α,α) = 4h where h is the dual Coxeter number of g, and 〈α,α〉 = 2k. So
(3.4) with u = u′ = α yields h = (22 + d)k. We are reduced to finding the pairs
(d, g) where d is an integer 0 ≤ d < 24, and g is a simple Lie algebra with Lie rank
bounded above by 12− 12d such that the dual Coxeter number h∨ of g is an integer
multiple of 22 + d. Inspecting Table 1 we see that either d = 0 and g is of type D12,
or d = 8 and g is of type E8. The first of these is realized by W = VD+
12
. The second
is realized byW = VE8⊗F (8). Thus we have dealt with the special case that c = 12.
To complete the proof let W be a self-dual C2-cofinite vertex operator superal-
gebra of CFT type with c < 12. By applying Theorem 11.3 of [23] to W even we
may conclude that c is a rational number. Then the argument of Satz 2.2.2 of [62]
applies to W , and shows that c ∈ 12Z. So n = 24 − 2c is a positive integer and
W ′ :=W ⊗F (n) is a self-dual C2-cofinite vertex operator superalgebra of CFT type
with central charge c′ = 12. Since n is positive W ′ is one of VE8 ⊗ F (8) or F (24),
by what we have already proved about self-dual vertex operator superalgebras with
central charge 12. The desired conclusion follows.
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4 Superconformal Field Theory
4.1 Potential Bulk Conformal Field Theory
The basic structure underlying a bulk conformal field theory is a module H for a
tensor product V ′ ⊗ V ′′ of vertex operator algebras V ′ and V ′′. It is required that
H =
⊕
i
N ′i ⊗N ′′i (4.1)
where the N ′i and N
′′
i are irreducible modules for V
′ and V ′′, respectively. Also,
V ′ ⊗ V ′′ should appear exactly once as a summand of H. A standard but very
special case is that V ′ = V ′′ is rational and C2-cofinite, and the N ′i = N
′′
i are all
the irreducible V ′-modules. We call this the diagonal conformal field theory for
V = V ′ = V ′′.
Various further properties are required of H, including closure under fusion and
modular invariance. Define
ĉh[H](τ ′, τ ′′) : = trH
(
q′L
′
0− c
′
24 q′′L
′′
0− c
′′
24
)
=
∑
i
ch[N ′i ](τ
′) ch[N ′′i ](τ
′′)
(4.2)
(cf. (2.10)). Modular invariance is the requirement that the partition function
ZH(τ) : = ĉh[H](τ,−τ¯ )
=
∑
i
ch[N ′i ](τ) ch[N
′′
i ](−τ¯) (4.3)
be invariant for the natural action of SL2(Z). Closure under fusion is the requirement
that operator products close on H. So superficially at least, fusion and modularity
force a bulk conformal field theory to resemble a self-dual vertex operator algebra.
This is the motivation for the Main Question we formulated in §1.
We will answer the Main Question positively in what follows, using a certain
convenient substitute for the notion of bulk conformal field theory. Also, we will find
that there are more examples if we allow the vertex operator algebra in the question
to be a vertex operator superalgebra.
To motivate our approach note that modular invariance is a strong constraint
that is used in practice to classify possible examples of conformal field theories.
There are additional properties of correlation functions that are harder to verify
(cf. [82, 87]), but from a representation category point of view these correlation
requirements are satisfied by symmetric special Frobenius algebra objects in the
modular tensor category of a suitably chosen vertex operator algebra according to
[47]. In this work lattice vertex operator algebras underly all examples, so all simple
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objects are simple currents, and if a symmetric special Frobenius algebra object A is a
direct sum of inequivalent simple currents then there is a rather explicit prescription
for the decomposition (4.1); namely (5.85) of [47]. For example, if we assume V ′ ∼= V ′′
and choose A = V ′ then the partition function of the bulk is the charge conjugation
invariant. In the cases we consider every irreducible V ′-module will be invariant
under charge conjugation, so the charge conjugation invariant will coincide with the
ordinary diagonal modular invariant. Motivated by this we introduce the following.
Definition 4.1. A potential bulk conformal field theory is a V ′⊗V ′′-module H as in
(4.1) such that the partition function (4.3) is modular invariant.
Now to formulate an answer to the Main Question, suppose that W is a self-dual
C2-cofinite vertex operator superalgebra such that
W ∼=
⊕
i
N ′i ⊗N ′′i (4.4)
as a V ′ ⊗ V ′′-module, for V ′ and V ′′ a commuting pair of rational C2-cofinite sub
vertex operator algebras, where the N ′i and N
′′
i are irreducible modules for V
′ and
V ′′, respectively. Define
ZW (τ) := ĉh
+
[W ](τ,−τ¯) (4.5)
where ĉh
±
[ · ] is as in (2.10).
Proposition 4.2. With W as in (4.4), if the S-matrix of V ′′ is real and the eigen-
values of the action of L′0 − L′′0 on W belong to Z+ 124 (c′ − c′′) then ZW is modular
invariant.
Proof. Since W is self-dual Theorem 2.3 implies that ch+[W ] (cf. (2.8)) is invariant
under S. It follows from Theorem 2.4 then that ĉh
+
[W ](τ ′, τ ′′) is S-invariant as well.
In particular we have
ĉh
+
[W ]
(
− 1
τ ′
,− 1
τ ′′
)
=
∑
i,j,ℓ
S′ij ch
+[N ′j](τ
′)S′′iℓ ch
+[N ′′ℓ ](τ
′′)
=
∑
i
ch+[N ′i ](τ
′) ch+[N ′′i ](τ
′′)
(4.6)
for suitable matrices S′ and S′′. Consider the action of S on ZW (τ). Using (4.6) and
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the hypothesis that the entries of S′′ are real we compute
ZW
(
−1
τ
)
=
∑
i
ch+[N ′i ]
(
−1
τ
)
ch+[N ′′i ]
(
−1
τ
)
=
∑
i,j,ℓ
S′i,j ch
+[N ′j ](τ)S′′i,ℓ ch
+[N ′′ℓ ](τ)
=
∑
i,j,ℓ
S′i,j ch
+[N ′j ](τ)S
′′
i,ℓ ch
+[N ′′ℓ ](−τ¯ )
=
∑
i
ch+[N ′i ](τ) ch
+[N ′′i ](−τ¯)
= ZW (τ).
(4.7)
So ZW is S-invariant. Invariance under T follows from
ZW (τ + 1) = trW
(
e2πi(τ+1)(L
′
0− c
′
24
)e−2πi(τ¯+1)(L
′′
0− c
′′
24
)
)
= e
2pii
24
(c′′−c′) trW
(
e2πi(L
′
0
−L′′
0
)qL
′
0
− c′
24 q¯L
′′
0
− c′′
24
) (4.8)
and our hypothessis on the eigenvalues of L′0 and L
′′
0. This completes the proof.
Proposition 4.2 gives a path to answering the Main Question positively, in the
sense that if its hypotheses are satisfied then it identifies a self-dual vertex operator
superalgebra W with a potential bulk conformal field theory H as a module for the
underlying vertex operator algebra V ′ ⊗ V ′′. The two conditions of Proposition 4.2
are strong, but are satisfied in interesting cases as we will see in §5.
4.2 Potential Bulk Superconformal Field Theory
We are also interested in relating self-dual vertex operator superalgebras to super-
conformal field theories in this work. To define a supersymmetric counterpart to the
notion of potential bulk conformal field theory we consider a V ′ ⊗ V ′′-module
H =
⊕
i
N ′i ⊗N ′′i (4.9)
as in (4.1), but allow V ′ and V ′′ to be vertex operator superalgebras, and allow
the N ′i in (4.1) to be irreducible untwisted or canonically twisted modules for V
′,
and similarly for the N ′′i . (Strictly speaking, H is a module for the even sub vertex
operator algebra of V ′ ⊗ V ′′.) Following tradition we use subscripts NS and R to
indicate restrictions to untwisted and canonically twisted modules for V ′ and V ′′.
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So,
HNS-NS :=
⊕
i
N ′i untwisted
N ′′i untwisted
N ′i ⊗N ′′i , (4.10)
HNS-R :=
⊕
i
N ′i untwisted
N ′′i twisted
N ′i ⊗N ′′i , (4.11)
and so on. We call HNS-NS the NS-NS sector, &c. We also assume that H is equipped
with a compatible superspace structure H = Heven ⊕ Hodd, so that H is graded by
(Z/2Z)3,
H = HevenNS-NS ⊕HoddNS-NS ⊕HevenNS-R ⊕ · · · ⊕ HevenR-R ⊕HoddR-R. (4.12)
We may regard a bulk conformal field theory as a bulk superconformal field theory
in which only the even part of the NS-NS sector is non-zero. From this point of view
it is natural to expect examples in which the NS-NS sector of a superconformal field
theory is identified with a self-dual vertex operator superalgebra, and the R-R sector
is identified with its canonically twisted module. As such, the prescription (4.3)
does not usually define a modular invariant function when the superspace structure
is non-trivial. Rather, Theorem 2.3 indicates that we should consider the vector-
valued function
ZH(τ) :=

Z+NS-NS(τ)
Z−NS-NS(τ)
Z+R-R(τ)
Z−R-R(τ)
 (4.13)
where Z±X-Y is defined by setting Z
±
X-Y(τ) := ĉh
±
[HX-Y](τ,−τ¯ ) (cf. (2.10)) for X,Y ∈
{NS,R}. Then modularity for ZH is the requirement that
S · ZH
(
−1
τ
)
= ZH (τ) ,
T · ZH (τ + 1) = ZH (τ) ,
(4.14)
where
S :=

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1
 , T :=

0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1
 . (4.15)
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Motivated by this we formulate the following super-analogue of Definition 4.1.
Definition 4.3. A potential bulk superconformal field theory is a V ′⊗ V ′′-module H
as in (4.9) whose partition function (4.13) satisfies (4.14).
Remark 4.4. For bulk superconformal field theories we expect that correlation
function requirements are encoded by a suitably formulated notion of symmetric
special Frobenius superalgebra object. It would be interesting to generalize [47] to
the super setting, and determine whether the examples we describe in this work
are compatible or not. Superalgebra objects are introduced in the context of vertex
algebra tensor categories in [18, 19].
To formulate a supersymmetric counterpart to Proposition 4.2 consider a self-dual
C2-cofinite vertex operator superalgebra W such that
W ∼=
⊕
i
N ′i ⊗N ′′i (4.16)
as a V ′ ⊗ V ′′-module, for V ′ and V ′′ a commuting pair of rational C2-cofinite sub
vertex operator superalgebras, where the N ′i and N
′′
i are irreducible (untwisted)
modules for V ′ and V ′′, respectively. WriteWtw for the unique irreducible canonically
twisted W -module (cf. §2.1) and chose a superspace structure Wtw =W eventw ⊕W oddtw
that is compatible with the superspace structure on W . We then define ZW (τ) in
analogy with (4.13), so that
ZW (τ) :=

Z+(τ)
Z−(τ)
Z+tw(τ)
Z−tw(τ)
 (4.17)
where Z±(τ) := ĉh
±
[W ](τ,−τ¯) and Z±tw(τ) := ĉh
±
[W eventw ](τ,−τ¯ ). The proof of the
next result follows in a directly similar way to that of Proposition 4.2.
Proposition 4.5. WithW as in (4.16), if the S-matrix of V ′′ is real, the eigenvalues
of L′0 −L′′0 on W even lie in Z+ 124 (c′ − c′′), and the eigenvalues of L′0 − L′′0 on W odd
lie in Z+ 12 +
1
24(c
′ − c′′) then ZW satisfies the modularity condition (4.14).
Thus a vertex operator superalgebra W satisfying the hypotheses of Proposition
4.5 also answers the Main Question positively, in the sense that it is identified with
the NS-NS sector of a potential bulk superconformal field theory as a module for the
underlying vertex operator superalgebra V ′⊗V ′′, and similarly for Wtw and the R-R
sector. Note that reality of the modular S-matrix holds for Lk(sl2) when k is positive
and integral, and holds also for minimal models of the Virasoro algebra. Inspecting
Weil’s description of the modular group action on theta functions for cosets of an
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even lattice L in its dual L∗, we see that if the inner products on L∗ are contained
in 12Z then the S-matrix for the lattice vertex operator algebra VL is also real. This
holds in particular for L = D4n, which will play a prominent role in what follows.
4.3 Superconformal structure
Superconformal field theories are usually assumed to come equipped with supersym-
metry. With H as in (4.9) we define an N = (2, 2) superconformal structure to be
an identification of sub vertex operator superalgebras of V ′ and V ′′ with vacuum
modules for the N = 2 superconformal algebra. In this situation it is natural to
consider
ZH(u, τ) :=

Z+NS-NS(u, τ)
Z−NS-NS(u, τ)
Z+R-R(u, τ)
Z−R-R(u, τ)
 (4.18)
where Z±X-Y(u, τ) := ĉh
±
[HX-Y](u, τ,−u¯,−τ¯) and
ĉh
±
[M ](u′, τ ′, u′′, τ ′′) := trM
(
(±1)F z′J ′0q′L′0− c
′
24 z′′J
′′
0 q′′L
′′
0− c
′′
24
)
. (4.19)
Here z′ = e2πiu
′
and q′ = e2πiτ
′
, &c. We also have the elliptic genus of H, defined by
setting
EH(u, τ) := ĉh
−
[HR-R](u, τ, 0,−τ¯ ). (4.20)
Now the modularity conditions on H are richer. For simplicity we describe them
in the special case that c′ = c′′. Then the natural counterpart to (4.14) is
e
−πi c
6
(
u2
τ
− u¯2
τ¯
)
S · ZH
(
u
τ
,−1
τ
)
= ZH (u, τ) ,
T · ZH (u, τ + 1) = ZH (u, τ) ,
(4.21)
where c = c′ = c′′, and S and T are as in (4.15). Call this modularity for ZH. If H
is a superconformal field theory underlying a sigma model with Calabi–Yau target
space X then EH is also modular, in the sense that we have
e−πid
u2
τ EH
(
u
τ
,−1
τ
)
= EH (u, τ) ,
EH (u, τ + 1) = EH (u, τ) ,
(4.22)
where d = dimCX, and τ 7→ EH(u, τ) remains bounded as τ → i∞, for any fixed
u ∈ C. That is, EH is a weak Jacobi form of weight 0 and index 12 dimCX. In
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this situation EH(0, τ) is the Euler characteristic of X. (In particular, EH(0, τ) is a
constant function of τ .) Let us say that H is elliptic if EH satisfies (4.22). Say that
H satisfies spectral flow symmetry if
Z±R-R(u
′, τ ′, u′′, τ ′′) = (z′z′′)
c
6 (q′q′′)
c
24Z±NS-NS
(
u′ + 12τ
′, τ ′, u′′ + 12τ
′′, τ ′′
)
(4.23)
where c = c′ = c′′.
At this point it is natural to define a potential bulk N = (2, 2) superconformal
field theory to be a potential bulk superconformal field theory H (cf. Definition 4.3)
with N = (2, 2) superconformal structure such that (4.21), (4.22) and (4.23) are
satisfied. These are strict requirements. Interestingly, we will see in examples that
the extra superconformal structure allows us to weaken these requirements in what
seems to be a useful way. In anticipation of this we offer the following.
Definition 4.6. Say that H as in (4.9) is a quasi potential bulk N = (2, 2) supercon-
formal field theory if H is elliptic (4.22), satisfies spectral flow symmetry (4.23), and
if ZH is modular (4.21) for some finite index subgroup of the modular group.
So for the notion of quasi potential bulk N = (2, 2) superconformal field theory
we relax condition (4.21), which is the invariance of ZH under the action of SL2(Z)
defined by the left hand sides of (4.21), and require invariance only for some subgroup
Γ < SL2(Z) such that the coset space Γ\SL2(Z) is finite.
We may also be interested in the case that both V ′ and V ′′ contain the small
N = 4 superconformal algebra at some central charge c. In this situation we call
H a potential bulk N = (4, 4) superconformal field theory if (4.21), (4.22) and (4.23)
hold, and if in addition c = 6k for k a positive integer, and spectral flow for each
of V ′ and V ′′ is realized by fusion with the order two simple current of Lk(sl2) (as
discussed in §2.3). For the notion of quasi potential bulk N = (4, 4) superconformal
field theory we relax the requirement of modularity (4.21) of ZH from the modular
group to some finite index subgroup.
In order to present a counterpart to Proposition 4.5 we now consider a self-dual
C2-cofinite vertex operator superalgebra W with a decomposition as in (4.16) such
that V ′ and V ′′ contain copies of the vacuum module for the N = 2 superconformal
algebra at some central charge c = c′ = c′′. We then define ZW (u, τ) in analogy with
(4.18), setting
ZW (u, τ) :=

Z+(u, τ)
Z−(u, τ)
Z+tw(u, τ)
Z−tw(u, τ)
 (4.24)
where Z±(u, τ) := ĉh
±
[W ](u, τ,−u¯,−τ¯) and Z±tw(u, τ) := ĉh
±
[W eventw ](u, τ,−u¯,−τ¯),
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and ĉh
±
[ · ] is as in (4.19). The proof of the next result is similar to the proofs of
Propositions 4.2 and 4.5, but note the restriction that c′ = c′′.
Proposition 4.7. Suppose thatW is as in (4.16), and V ′ and V ′′ contain the vacuum
module for the N = 2 superconformal algebra at some central charge c = c′ = c′′. If
L′0−L′′0 acts on W even and Wtw with eigenvalues in Z, and on W odd with eigenvalues
in Z + 12 , and if the S-matrices of V
′ and V ′′ are both real, then ZW satisfies the
modularity and spectral flow symmetry conditions, (4.21) and (4.23).
Define the elliptic genus of W by setting
EW (u, τ) := ĉh
−
[Wtw](u, τ, 0,−τ¯ ). (4.25)
We will presently see examples W for which Proposition 4.7 fails but spectral flow
symmetry holds and EW is a weak Jacobi form of weight 0 and some index.
5 Examples
5.1 Type D Conformal Field Theory
Let n be a positive integer. The bulk of the diagonal conformal field theory wth
V ′ = V ′′ = VD2n is
H =
3⊕
i=0
VD2n+[i] ⊗ VD2n+[i]. (5.1)
Observe that we may embed D2n ⊕ D2n in D4n by taking the first copy of D2n to
be the vectors in D4n supported on the first 2n components, and letting the second
copy be its orthogonal complement. Then for the cosets of D4n in its dual we have
D4n + [0] = (D2n + [0],D2n + [0]) ∪ (D2n + [2],D2n + [2]) ,
D4n + [1] = (D2n + [1],D2n + [1]) ∪ (D2n + [3],D2n + [3]) ,
D4n + [2] = (D2n + [0],D2n + [2]) ∪ (D2n + [2],D2n + [0]) ,
D4n + [3] = (D2n + [1],D2n + [3]) ∪ (D2n + [3],D2n + [1]) .
(5.2)
From this we immediately obtain the following result.
Proposition 5.1. For n a positive integer, the bulk of the diagonal VD2n conformal
field theory is isomorphic to VD+
4n
as a VD2n ⊗ VD2n-module.
Note that D+4 ≃ Z4 and D+8 ≃ E8. So Proposition 5.1 furnishes bulk conformal
field theory interpretations for the self-dual vertex operator superalgebras F (8), VE8
and V
D+
12
appearing in Theorem 3.1.
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An embedding of A2n1 in D2n is discussed in §2.1. We may use this to formulate
a counterpart to Proposition 5.1 for tensor powers of L1(sl2). For example, if H
denotes the bulk of the diagonal conformal field theory of L1(sl2)
⊗2n then by virtue
of the isomorphism VA1
∼= L1(sl2) we have
H =
⊕
C∈F2n
2
VA2n
1
+C ⊗ VA2n
1
+C
∼=
⊕
C∈Z4n
VA4n
1
+C
(5.3)
where
Z2m :=
{
C = (c1, . . . , c2m) ∈ F2m2 | ci = cm+i for 1 ≤ i ≤ m
}
. (5.4)
Observe that Z2m = D2m ∪ D2m + [2] in the notation of (2.4). By applying Lemma
2.1 and noting that D2m ∪D2m + [2] ∼= Z2m we obtain the following result.
Proposition 5.2. For n a positive integer, the bulk of the diagonal L1(sl2)
⊗2n con-
formal field theory is isomorphic to F (8n) as a L1(sl2)
⊗2n ⊗ L1(sl2)⊗2n-module.
Proposition 5.2 furnishes bulk conformal field theory interpretations for the vertex
operator superalgebras F (8), F (16) and F (24) in Theorem 3.1.
It is instructive to consider the analogue of Proposition 5.2 where L1(sl2)
⊗2n
is replaced by a simple current extension. Write (12n) as a shorthand for the “all
ones” vector (1, 1, . . . , 1) ∈ F2n2 . We will consider V ′ ∼= V ′′ ∼= VL where L = A2n1 ∪
A2n1 + (1
2n). Observe that the irreducible VL-modules are the VL+C = VA2n
1
+C ⊕
VA2n
1
+(12n)+C for C ∈ F2n2 with wt(C) = 0 mod 2. For simplicity assume that n is
even, so that L is an even lattice and VL is a vertex operator algebra. Then for the
bulk of the diagonal conformal field theory for VL we have
H =
⊕
C∈F2n
2
wt(C)=0 mod 2
c2n=0
VL+C ⊗ VL+C
=
⊕
C∈F2n2
wt(C)=0 mod 2
(
VA2n
1
+C ⊗ VA2n
1
+C ⊕ VA2n
1
+(12n)+C ⊗ VA2n
1
+C
)
.
(5.5)
Comparing with (2.4) we see that
H ∼=
⊕
C∈D+
4n
VA4n
1
+C (5.6)
where D+4n := D4n ∪ D4n + [1]. Since D+4n = D4n ∪ D4n + [1] by definition, an
application of Lemma 2.1 yields the following alternative interpretation for VD+
4n
as
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a potential bulk conformal field theory, at least for n even.
Proposition 5.3. Let n be an even positive integer and let L = A2n1 ∪ A2n1 + (12n).
Then the bulk diagonal conformal field theory associated to VL is isomorphic to VD+
4n
as a VL ⊗ VL-module.
Proposition 5.3 offers a bulk conformal field theory interpretation for VE8 distinct
from that of Proposition 5.1.
5.2 Type D Superconformal Field Theory
We now consider the diagonal superconformal field theory associated to 2n free
fermions. By the boson-fermion correspondence we have F (2n) ∼= VDn ⊕ VDn+[2],
and F (2n)tw ∼= VDn+[1] ⊕ VDn+[3]. So we have
HNS-NS = F (2n)⊗ F (2n), HR-R = F (2n)tw ⊗ F (2n)tw, (5.7)
in this case. This gives us a bulk superconformal field theory interpretation for F (4n)
for n a positive integer (cf. Proposition 5.2).
Proposition 5.4. Let n be a positive integer. Then the NS-NS sector of the bulk
diagonal superconformal field theory associated to 2n free fermions is isomorphic to
F (4n) as a F (2n)⊗ F (2n)-module, and the R-R sector is isomorphic to F (4n)tw as
a canonically twisted F (2n)⊗ F (2n)-module.
Next we consider the diagonal superconformal field theory associated to the D2n
torus. In this case V ′ = V ′′ = VD2n ⊗ F (2n), so
HNS-NS =
⊕
i
(
VD2n+[i] ⊗ F (2n)
) ⊗ (VD2n+[i] ⊗ F (2n)) (5.8)
as modules for V ′ ⊗ V ′′, and
HR-R =
⊕
i
(
VD2n+[i] ⊗ F (2n)tw
)⊗ (VD2n+[i] ⊗ F (2n)tw) (5.9)
as canonically twisted modules for V ′ ⊗ V ′′. Comparing this description with the
decomposition of D+4n = D4n ∪ D4n + [1] into cosets for D2n ⊕ D2n (cf. (5.2)) we
obtain the following identification.
Proposition 5.5. Let n be a positive integer and set V = VD2n ⊗ F (2n). Then
the NS-NS sector of the bulk diagonal superconformal field theory associated to the
D2n torus is isomorphic to VD+
4n
⊗ F (4n) as a V ⊗ V -module, and the R-R sector is
isomorphic to VD+
4n
⊗ F (4n)tw as a canonically twisted V ⊗ V -module.
We also obtain our first example of a potential bulk superconformal field theory
with superconformal structure.
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Theorem 5.6. Let n be a positive integer. Then the vertex operator superalgebra
W = VD+
4n
⊗ F (4n) is a potential bulk N = (2, 2) superconformal field theory in the
sense of §4, for V ′ ∼= V ′′ ∼= VD2n ⊗ F (2n), and the elliptic genus defined by this
structure vanishes.
Proof. The modularity (4.21) and spectral flow symmetry (4.23) follow from Propo-
sition 4.7. We may compute directly that the elliptic genus (4.25) vanishes, so it
trivially satisfies (4.22).
Taking n = 2 in Theorem 5.6 we obtain an interpretation for VE8 ⊗ F (8) as the
bulk superconformal field theory of the sigma model with D4 torus as target. Volpato
has observed [86] that supersymmetry preserving symmetry groups of sigma models
with arbitrary 4-dimensional torus as target space embed in the Weyl group of E8.
The Weyl group of E8 acts naturally on VE8 ⊗F (8). It appears that VE8 ⊗F (8) can
play the analogous role for sigma models on 4-dimensional tori that VD+
12
has been
shown [34] to play for sigma models on K3 surfaces.
5.3 Type A Superconformal Field Theory
In principle we may consider superconformal field theories with V ′ ∼= V ′′ ∼= VL
for L = A2n1 ∪ A2n1 + (12n) also for n odd (cf. Proposition 5.3). However, as we
have explained in §2.4, the case n = 3 is distinguished by the presence of N = 4
superconformal structure. This fact underpins a significant part of the analysis of
[53], in which it is shown that the diagonal superconformal field theory with V ′ ∼=
V ′′ ∼= VL underlies a Kummer type K3 sigma model arising from the canonical Z/2Z-
orbifold of the D4 torus. This is the tetrahedral K3 sigma model in [80]. We discuss
this sigma model from the point of view of A61 now. Although the motivation of [53]
is somewhat different, their detailed analysis precedes, and may serve to flesh out
the discussion we offer here.
So let L = A61 ∪ A61 + (16) in this section. Directly applying the observations
preceding Proposition 5.3 with n = 3 we see that the NS-NS sector of the diagonal
superconformal field theory associated to VL satisfies HNS-NS ∼= VD12 ⊕ VD12+[1] =
VD+
12
as a VL⊗VL-module. Noting that the irreducible canonically twisted VL-modules
are the VL+C with C ∈ F62 and wt(C) = 1 mod 2 we find that HR-R ∼= VD12+[2] ⊕
VD12+[3] as a canonically twisted VL⊗VL-module. The diagonal superconformal field
theory for VL underlies the tetrahedal K3 sigma model according to [53], so we have
the following super-analogue of Proposition 5.3 for n = 3.
Proposition 5.7. For L = A61 ∪ A61 + (16), the NS-NS sector of the tetrahedral K3
sigma model is isomorphic to VD+
12
as a VL ⊗ VL-module, and the R-R sector of the
tetrahedral K3 sigma model is isomorphic to VD12+[2] ⊕ VD12+[3] as a canonically-
twisted VL ⊗ VL-module.
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Now let us consider superconformal structure. As explained in §2.4 the vertex
operator superalgebra VL ∼= VA6
1
⊕VA6
1
+(16) contains a copy of the vacuum module for
the small N = 4 superconformal algebra at c = 6. As in §2.4 we choose the first copy
of L1(sl2) in L1(sl2)
⊗6 < VL to generate the affine sl2 sub algebra. Then spectral
flow corresponds to fusion with VL+C⊗VL+C where C = (105). In terms of VD+
12
this
is the same as fusion with VD12+[2] by force of (2.4). Thus spectral flow interchanges
the NS-NS and R-R sectors. An explicit calculation, such as is carried out in §D.3 of
[53], verifies that EW (u, τ) is a weak Jacobi form of weight 0 and index 1 such that
EW (0, τ) = 24. Thus we have the following.
Theorem 5.8. The vertex operator superalgebra VD+
12
is a potential bulk N = (4, 4)
superconformal field theory in the sense of §4, for V ′ ∼= V ′′ ∼= VL, and the elliptic
genus defined by this structure is the K3 elliptic genus.
Note that VD+
12
serves as the moonshine module for Conway’s group [30, 33],
and is precisely the vertex operator superalgebra that is used to attach weak Jacobi
forms with level to supersymmetry preserving symmetries of K3 sigma models in
[34]. Results equivalent to Proposition 5.7 and Theorem 5.8 have been obtained
independently in [82].
5.4 Gepner Type Superconformal Field Theory
We now present a superconformal field theory interpretation for VD+
12
of a different
nature. As mentioned in §2.1, the lattice vertex operator superalgebra V√3Z realizes
the vacuum module of the N = 2 superconformal algebra at c = 1. In this section we
set K =
√
3Z6. Thus VK contains the vacuum module of the N = 2 superconformal
algebra at c = 6. We will show that W = VD+
12
is a quasi potential bulk N = (2, 2)
superconformal field theory (cf. Definition 4.6) for V ′ ∼= V ′′ ∼= VK . It will develop
thatW is closely related to the Gepner model of type (1)6, which is a superconformal
field theory that also has V ′ ∼= V ′′ ∼= VK .
Recall from §2.1 that the lattice √3Z12 ∼= K ⊕K embeds in D+12. Using such an
embedding we may fix commuting sub vertex operator superalgebras V ′, V ′′ < W
such that V ′ ∼= V ′′ ∼= VK . Since the discriminant group of K ⊕K is F123 it is natural
to use ternary codewords of length 12 to describe the irreducible VK ⊗ VK -modules.
According to Lemma 2.2 the VK ⊗VK-modules that appear in W are indexed by the
codewords in a copy G+12 of the ternary Golay code. To make this more concrete let
us assume that (+6−6) is a word in G+12 (if not then permute the coordinates so as
to make this true), and define C ′, C ′′ ∈ F63 for C ∈ G+12 by setting C ′ = (c1, . . . , c6)
and C ′′ = (c7, . . . , c12) when C = (c1, . . . , c12). Then we have
W =
⊕
C∈G+
12
VK+C′ ⊗ VK+C′′ (5.10)
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as modules for VK ⊗ VK . Our main result in this section is the following.
Theorem 5.9. The vertex operator superalgebra VD+
12
is a quasi potential bulk N =
(2, 2) superconformal field theory in the sense of §4, for V ′ ∼= V ′′ ∼= VK , and the
elliptic genus defined by this structure is the K3 elliptic genus.
Proof. Let w be the marked complete weight enumerator of G+12 for the marking
C 7→ (C ′, C ′′). That is, define w to be the 6-variate polynomial
w(X ′, Y ′, Z ′,X ′′, Y ′′, Z ′′) :=
∑
C∈G+
12
wC′(X
′, Y ′, Z ′)wC′′(X ′′, Y ′′, Z ′′) (5.11)
where wC(X,Y,Z), for C ∈ Fn3 , is defined by wC(X,Y,Z) := Xa0Y a+Za− in case
C has a0 entries equal to 0, and a± entries equal to ±1. Then the functions
ĉh
±
[W ](u′, τ ′, u′′, τ ′′) and ĉh
±
[Wtw](u
′, τ ′, u′′, τ ′′) (cf. (4.19)) are obtained by sub-
stituting characters of suitable irreducible modules for the N = 2 superconformal
algebra at c = 1. These characters can be expressed in terms of classical theta func-
tions and the Dedekind eta function (cf. [74]) so they are invariant for the action
of some finite index subgroup of SL2(Z). So ZW (cf. (4.5)) is invariant for some
finite index subgroup of SL2(Z). Also, the N = 2 characters satisfy spectral flow
symmetry, so the same is true for W .
It remains to examine the elliptic genus EW (cf. (4.25)) of W . For this define
fs(u, τ) := η(τ)
−1∑
k∈Z
(eπiz)k+
s
6 q
3
2
(k+ s
6
)2 , (5.12)
which is a character for the N = 2 superconformal algebra at c = 1 when s ∈ Z.
Note that fs depends only on s mod 6, we have fs(0, τ) = e
±pii
6 when s = ±1 mod 6,
and fs(0, τ) vanishes identically when s = 3 mod 6. Because of this we have
EW (u, τ) = w(f3(u, τ), f1(u, τ), f−1(u, τ), 0, e
pii
6 , e−
pii
6 ). (5.13)
Under our hypotheses on G+12 the marked complete weight enumerator is given by
w(X ′, Y ′, Z ′,X ′′, Y ′′, Z ′′) = (X ′6 + Y ′6 + Z ′6)(X ′′6 + Y ′′6 + Z ′′6)
+ 90(X ′4Y ′Z ′ +X ′Y ′4Z ′ +X ′Y ′Z ′4)X ′′2Y ′′2Z ′′2
+ 20(X ′3Y ′3 +X ′3Z ′3 + Y ′3Z ′3)(X ′′3Y ′′3 +X ′′3Z ′′3 + Y ′′3Z ′′3)
+ 90X ′2Y ′2Z ′2(X ′′4Y ′′Z ′′ +X ′′Y ′′4Z ′′ +X ′′Y ′′Z ′′4).
(5.14)
So we have
EW = −2(f36 + f16 + f−16) + 20(f13f−13 + f33f13 + f−13f33). (5.15)
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We may check directly using (5.12) that this expression for EW is a weak Jacobi
form of weight 0 and index 1. Substituting u = 0 in (5.15) we obtain EW (0, τ) =
−2((−1)+(−1))+20(1) = 24. So EW is indeed the K3 elliptic genus. This completes
the proof.
It is interesting to compare the quasi potential bulk superconformal field theory
structure (5.10) to the superconformal field theory underlying the Gepner model of
type (1)6, which realizes a K3 sigma model and also has V ′ ∼= V ′′ ∼= VK . To describe
the bulk define a ternary code U of length 6 by setting
U :=
{
C = (c1, . . . , c6) ∈ F63 |
∑
i
ci = 0
}
. (5.16)
Then, according to [51] for example, the NS-NS sector is HNS-NS =
⊕
a∈F3 HaNS-NS
where
HaNS-NS :=
⊕
C∈U
VK+C+(a6) ⊗ VK+C−(a6) (5.17)
as a module for VK ⊗ VK . Since there are VK ⊗ VK-modules in (5.17) whose corre-
sponding codewords in F123 have fewer than 6 non-zero entries, the VK ⊗ VK -module
structure on W in Theorem 5.9 does not identify it with the superconformal field
theory underlying the Gepner model (1)6.
However, W and the (1)6 model have closely related symmetry. To see this let
GN=2 be the group of symmetries of the bulk superconformal field theory of the (1)6
model that fix the states of the left and right moving N = 2 superconformal algebras
at c = 6. According to [51] this group is a split extension of S6 by (Z/3Z)
6. The
subgroup of the automorphism group of G+12 that stabilizes the splitting C 7→ (C ′, C ′′)
(cf. (5.10)) is another copy of S6. From this it follows that G
N=2 also acts on W ,
preserving the states of the two commuting N = 2 superconformal algebras at c = 6
in VK ⊗ VK .
Now let GN=4 be the subgroup of GN=2 that preserves the left and right moving
copies of the small N = 4 superconformal algebra. According to the results of [34]
the actions of GN=4 on W and the bulk of the (1)6 model give the same equivariant
elliptic genera. We hope that the notion of quasi potential bulk superconformal field
theory will help to identify an abstract mechanism that explains this coincidence.
There are a number of c = 6 combinations of minimal N = 2 models V such that
V ⊗ V embeds in VD+
12
. Does every such embedding give rise to a quasi potential
N = (2, 2) superconformal field theory with a close relationship to the correspond-
ing Gepner model? It would be valuable to have a complete classification of these
embeddings.
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